Saddle-point construction (SPC) is a new method to insert lenses into an existing design. With SPC, by inserting and extracting lenses new system shapes can be obtained very rapidly, and we believe that, if added to the optical designer's arsenal, this new tool can significantly increase design productivity in certain situations. Despite the fact that the theory behind SPC contains mathematical concepts that are still unfamiliar to many optical designers, the practical implementation of the method is actually very easy and the method can be fully integrated with all other traditional design tools. In this work we will illustrate the use of SPC with examples that are very simple and illustrate the essence of the method. The method can be used essentially in the same way even for very complex systems with a large number of variables, in situations where other methods for obtaining new system shapes do not work so well.
INTRODUCTION
Saddle-point construction (SPC) is a new method to insert lenses into an existing design. Lens designers frequently insert lenses into their designs and, in the traditional way, one new system shape results after optimization. However, when a lens is inserted with SPC, two distinct system shapes result and for further design one can choose the better one. With SPC, by inserting and then, if necessary, by extracting lenses, new system shapes can be obtained very rapidly. Therefore, we believe that, if added to the optical designer's arsenal, this new tool can significantly increase design productivity in certain situations. Figure 1 shows a lithographic objective design obtained with SPC. We have also applied SPC successfully in the design of different types of high-NA catadioptric deep UV objectives and of extreme UV mirror systems. As a method for designing lithographic objectives, a patent application for SPC has been submitted. However, the method is generally applicable and for all other types of optical systems, it can be used freely. The authors encourage the interested reader to try this method out. The SPC method is described in detail in Refs. 1-2. The fact that the theory behind SPC contains mathematical concepts that are still unfamiliar to many optical designers (such as that of a saddle point in a high-dimensional variable space) may unnecessarily deter potential users from trying this new tool out. However, for practical purposes, it is not necessary to have a deep understanding of all of the underlying mathematics. The practical implementation of the method is actually very easy and the method can be fully integrated with all other traditional design tools. (The basic prerequisites will be summarized in Sec. 2.) In this paper, we will illustrate the use of SPC with five examples (Sec. 3). The first three examples, which form the core of this paper, are very simple and illustrate the essence of the method. The steps given in these examples should be repeated on one's own computer and should then be adapted according to the own needs. The last two examples illustrate the fact that the method can be used essentially in the same way even for very complex systems with a large number of variables, in situations where other methods for obtaining new system shapes do not work so well. The last example also shows that the method is applicable for mirror systems as well. 
SPC IN A NUTSHELL
For simplicity, we discuss here the case when the element to be inserted is a lens with spherical surfaces. The method also works with mirrors and aspherical surfaces, see our papers 2, 3 and the last example.
We start with an optimized system with N spherical surfaces. The curvatures of the surfaces are used as variables. Any optical merit function can be used, e.g. a merit function based on transverse aberrations (root-mean-square spot size), wavefront aberration, etc.
In the existing system, which is a local minimum with N surfaces, we insert a meniscus lens with zero thickness and equal curvatures. Such a meniscus disappears physically (!) and does not affect the path of any ray or the merit function of the system. We call this meniscus a "null-element". One may wonder, if a lens does nothing, why is it needed? Actually, the "null-element" comes into play when the new system is slightly changed: the "null-element" comes with two new variables -the two surface curvatures, and for some specific values for these curvatures, it transforms the local minimum into a "saddle point" in the variable space with increased dimensionality. As shown below, this enables then the merit function to decrease. The full details can be found in Ref.
1.
An intuitive illustration of SPC is given in Figure 2 . The starting system is a minimum in all variables. For simplicity, only one variable is shown in red (dark gray) in the upper left part of Figure 2 . When the "null-element" is added, a new "downward" direction, shown in green (the lighter gray curve passing through the saddle point), and an "upward" direction (not shown) appear in the new variable space (with a dimension increased by 2). Along the downward direction the new system is a maximum. In fact, the new system is a saddle point, which we call a "null-element" saddle point (NESP). Despite of the fact that typically we have much more than two variables, the NESP resembles very much a twodimensional horse saddle. If we choose two points close to the NESP, but situated on opposite sides of the saddle, and then optimize them, the optimizations "roll down" from the NESP and arrive at two distinct local minima. (The optimization variables are those of the starting local minimum plus the two curvatures of the "null-element".)
In the general case, when the insertion position and the glass of the "null-element" are arbitrary, the curvature of the "null-element" meniscus can be computed numerically 4 . A very powerful version of the method is the one in the special case when the "null-element" is inserted in contact with (i.e. at zero axial distance from) an existing surface (called reference surface) in the original local minimum. Also, the glass of the "null-element" should be the same as the glass at the reference surface. In this special case, the two curvatures of the "null-element" are equal to the curvature of the reference surface 1 (see Figure 3) . Thus, at the insertion position we have three surfaces with equal curvatures and with two zero distances between them. In this drawing, the meniscus with surface curvatures c k+1 and c k+2 is inserted after the reference surface k. For clarity, the two zero distances between these surfaces are shown as small nonzero distances. If the meniscus is inserted before the reference surface, then the reference surface has in the new system the index k+2.
After a NESP is constructed as described above, we take two points on opposite sides of the saddle, by slightly changing two consecutive surfaces, which are in contact in the NESP: 
where c ref is the curvature of the reference surface in the starting local minimum, and ε indicates a small change in the surface curvatures. (The procedure remains valid if radii are used instead of curvatures.)
By optimizing the two points obtained either with (1) or with (2), we obtain two different local minima. If ε is chosen in the correct range, the same pair of local minima is obtained from (1) and (2) . For this reason, using only one pair of points, either (1) or (2), is sufficient.
Once the two minima on both sides of the NESP have been obtained, the distances between surfaces and the glass of the lens resulting from the "null-element" can be changed as desired.
EXAMPLES
The special case of the SPC method discussed above is illustrated below with five examples. The specific part of the SPC (i.e. constructing the NESP and obtaining the four points close to the saddle) can be executed in a very short time in all examples. In these examples we optimize only one pair of points (1) or (2) . After optimizing the two points, in the resulting local minima the zero distances between surfaces inherited from the "null-element" are increased gradually to the desired values. The steps should be small enough to avoid jumps to other local minima. This can take a longer time, especially for complex optical systems such as those in the last two examples, where local optimization is timeconsuming.
The reader is encouraged to reproduce the first and third example entirely and at least parts of the second one, in order to see how the method works. For the first three examples the necessary steps are given in detail, so that they can be reproduced with any optical design software. We have used CODE V, but have tested the first three examples in ZEMAX as well, obtaining the same results. For CODE V, lens files for all steps and a macro that creates the NESP are available via our website 5 . Certain steps given in the examples can then be reproduced automatically. If desired, for obtaining the starting configurations, users of other optical design software can import or adapt the corresponding CODE V files, which are in ASCII format. Automatic conversion to the format of another program is very useful and does most of the work, but sometimes some information (e.g. wavelengths, solves) is lost. Therefore, for the present purpose it is important to compare the result of automatic conversion with the information given in the tables below, and to make changes wherever necessary.
Example 1. Obtaining a doublet from a singlet
This very simple example serves two purposes: it illustrates the special case of the SPC method, which can be used in essentially the same way in all cases, and also shows an important advantage of SPC. When using SPC to insert a lens so that a NESP is created, two systems result after optimization. Inserting or splitting a lens in the traditional way results in a single system, which is not necessarily the best one. In this example, the better solution obtained from a singlet with SPC is missed when splitting the same singlet in a traditional way.
In five steps, we obtain two doublet local minima by starting from a singlet minimum. The curvatures are used as variables. In the first three examples, the merit function is based on transverse aberrations (root-mean-square spot size) with respect to the chief ray. In this example, it also includes as constraint a constant effective focal length. In the merit function, all wavelengths and fields have a weight factor of unity. The distance between the last surface and the image has a paraxial image distance solve.
The singlet that we have used as starting system has the following specifications: The object is placed at infinity. All thicknesses and glass types are constant. The variable radii of curvature are indicated with "V". (We have worked in CODE V with curvatures, but we list in our examples the radii, because it seems that in some other programs it is easier to work in this way.)
In the first three examples, the control of edge thickness violation was disabled when optimizing the two starting points situated on both sides of the saddle. With two zero thicknesses, an edge thickness violation can easily appear, but may disappear when the zero thicknesses are increased in the resulting local minima.
The procedure is as follows:
Step 1: Start with the singlet given in Table 1 and reoptimize. Step 2:
Insert a "null-element" (a meniscus with zero thickness) in contact with the second surface (with curvature c 2 ) of the singlet (the arrow in Fig. 4 ). The glass of the new lens must be the same as that of the first one. Next, make the two curvatures (c 3 and c 4 ) of the "null-element" equal to c 2 . The obtained system is a doublet NESP. Finally, make the new curvatures variable. (Note that, because of the zero distances and the property c 2 = c 3 = c 4 , the lens drawing for the NESP is indistinguishable from the one for the original local minimum shown in Fig. 4 .) Step 3: While keeping the first two curvatures of the doublet (i.e. the old variables of the singlet) unchanged, change the two curvatures of the thin lens. Construct one doublet with the property c 3 = c 4 = c 2 -ε (system 1, Fig. 5a ), and one doublet with the property c 3 = c 4 = c 2 + ε (system 2, Fig. 5a ), where ε indicates a small curvature change. To avoid that the gradient of the merit function becomes too small for optimization, ε should not be chosen too small. In this example, ε = 0.00003 mm -1 (in the figure, the curvature change is shown exaggerated). In this way, two systems situated on opposite sides of the saddle are obtained which can be further optimized to generate two new solutions.
Step 4:
Optimize the two systems that have been obtained after step 3. The result is shown in Fig. 5b .
Step 5:
Gradually increase the thickness of the lens resulting from the "null-element" and the axial distance between it and the previous lens, until the desired values are obtained. In this example, the thickness of the "null-element" has been increased in four steps (e.g. thickness = 1, 2, 3, and then 4 mm) and the air distance separating the two lenses of the system in two steps (e.g. distance = 1, and then 2 mm). After each increment, the system should be reoptimized (Fig. 5c) . Fig. 6 . Obtaining a Fraunhofer-type design.
Since the two glasses of the doublets resulting from step 5 are the same, these systems are not corrected for axial color. However, by glass change we can improve the first of the two systems. For example, if we change the material of the second lens from BK7 to F2, system 1 will become after reoptimization a well-known air-spaced Fraunhofer-type design.
When the starting singlet is split in a traditional way as shown below and then reoptimized, the resulting system will be system 2 in step 5. However, this system has a poorer imaging performance than system 1 in step 5, which can lead to the Fraunhofer-type configuration. This is illustrated below:
Step 1': Start with the optimized singlet used for the SPC (Fig. 4 ) . 
Step 2':
Split the singlet into two lenses with the same thickness (i.e. insert a plate of air with zero thickness and flat surfaces in the middle of the singlet, see Fig. 7a ).
Step 3':
Optimize the system with the curvatures as variables. (The merit function remains the same as above.) The result is shown in Fig. 7b .
Step 4':
Increase the thickness of the two lenses and the axial distance between them to the same values as that in the two systems obtained with SPC (see step 5 above). (In our example, the lens thickness is 4 mm and the air distance is 2 mm, see Fig. 7c .)
The final system that results from splitting the singlet is one of the two systems which are obtained with SPC (system 2 in Fig. 5c ). It has a merit function that is worse than that of the other system obtained with SPC (system 1 in Fig. 5c ).
Example 2. Obtaining a quintet from a quartet
In this example, we observe a property ("convergence") that occurs frequently with SPC: the same final design can be obtained in several different ways. (See e.g. 
F2
EUV lithographic design -m8-was obtained with SPC from two very different six-mirror precursors -m6S2A and m6S3A.) This is important because if for any reason a design route, that should be successful, accidentally misses the goal (e.g. for sufficiently complex systems, sometimes even the local optimization details influence the outcome of local optimization), in many cases the same goal can be achieved via another design route of the same kind.
Starting with a monochromatic quartet, in this example we will construct quintet NESP's in three different ways with the procedure described in Section 2. We will see that out of the six resulting quintet minima, three of them (one resulting from each NESP) are identical.
The quartet used as starting system has the following specifications: The object is at infinity, and all thicknesses and glass types are constant. The variable radii of curvature are indicated with "V". The merit function is the same as in Example 1, excepting that to keep the effective focal length constant, instead of a constraint within the merit function, the last surface has a solve for the marginal ray exit angle (equal to -0.25, indicated with "S"). The distance between the last surface and the image has a paraxial image distance solve. First, we construct a quintet NESP by inserting a "null-element" at the second surface in this quartet.
Step 1: Start with the quartet given in Tab. 3 and reoptimize. Step 2:
Insert a "null-element" (with variable curvatures) in contact with the second surface of the quartet (arrow 2 in the Fig. 8 ). The surface curvatures of the "null-element" are c 3 and c 4 , and that of the surface it is in contact with is c 2 . Make c 3 and c 4 equal to c 2 and the glass of the "null-element" the same as that of the first lens. The obtained system with c 2 = c 3 = c 4 is a (quintet) NESP. Step 3: While keeping the "old" variables of the quartet unchanged, change the two curvatures of the "null- Figs. 9a1 and 9a2, the curvature change is shown exaggerated). In this way, two systems on opposite sides of the saddle are obtained.
Step 4:
Optimize the two systems that have been obtained after step 3. The result is shown in Figs. 9b1 and 9b2.
In the resulting systems, gradually increase the thickness of the "null-element" (i.e. increase the thickness in small steps and optimize the system after each step) until the desired values are obtained. For this example, the thickness of the "null-element" has been increased in eight steps (e.g. thickness = 1, 2, 3, 4, 6, 8, 10, and then 12 mm). After each increment, the system should be reoptimized (a few cycles are usually sufficient in the intermediate stages). To remove the edge separation violation in system 9c1, we slightly increase the axial distance between the first two lenses. (Here this distance was set to 3 mm.)
As an exercise, we invite the reader to repeat the steps 1-5 described above at the third surface of the quartet. For verification, the answer is given in our web document 5 .
When comparing the four systems obtained from these two NESP's, we observe that two of the systems (the system in Fig. 9c2 and system 1 after step 5 in Appendix B of Ref. 5) are identical. Fig. 10 . The middle system in this drawing can be obtained from both NESP's.
NESP at the 2 nd surface NESP at the 3 rd surface
The middle system in Figure 10 (we call it a "hub") can be obtained from other NESP's as well. For instance, by inserting a "null-element" lens at the first surface of the quartet, concentric with that surface and with the same glass, we obtain a third NESP. For obtaining the "hub" we choose the side of the NESP where the meniscus lens has a slightly weaker curvature than that of surface 1, as in Figure 11a . After optimization we obtain the quintet shown in Figure 11b .
(a) (b) Fig. 11 . a) Perturbed NESP at first surface. b) Perturbed NESP optimized.
In the original quartet all lenses have the same thickness. After increasing the thickness of the inserted lens in Fig. 11b to the same value as for the other lenses and reoptimizing, we obtain the "hub" (Fig. 9c2) again.
Example 3. Obtaining a better system shape by inserting and extracting lenses
Frequently, experienced designers observe that the shape of a design is probably not the best possible one. Here we show how we can move from one local minimum to a better one by first inserting, and then by extracting a lens. First, we use the SPC method at the second surface of the starting system to construct a NESP. After optimizing it on one of its two sides, we obtain a local minimum. Then, by removing the first lens and reoptimizing, we obtain a local minimum with the same number of lenses as the starting one, but with a much lower merit function value. The final shape resembles the well-known Double Gauss design.
The system parameters of the starting system are: The object is placed at infinity, and all thicknesses and glass types are constant. The variable radii of curvature are indicated with "V". The merit function is the same as in Example 2, and the last surface has a solve for the marginal ray exit angle (equal to -0.15, indicated with "S"). The distance between the last surface and the image has a paraxial image distance solve. 0.00000, 10.00000, and 14.00000
Step 1:
Start with the quartet given in Tab. 5 and reoptimize.
2 Fig. 12 . Starting system for Example 3.
Step 2:
Insert a "null-element" (with variable curvatures) in contact with the second surface of the quartet, indicated with arrow 2 in the Fig. 12 . Use for the "null-element" the glass of the first lens.
(a) (b) (c) Fig. 13 . Steps for SPC in Example 3. a)
Step 3, b) step 4, c) step5.
Step 3:
Change the two curvatures of the "null-element" as follows: c 3 = c 4 = c 2 + ε, where ε = 0.00003 mm -1 (i.e. reduce the negative curvature; when working with radii, make the two radii a negative number with larger absolute value). For clarity, the curvature change is shown exaggerated in Fig. 13a .
Step 4:
Optimize the system that has been obtained after step 3 (Fig. 13b ).
Step 5:
Increase the thickness of lens resulting from the "null-element" to the same value as that of the first lens (here, this can be done in one step), and reoptimize. The result is shown in Fig. 13c . Step 6: Decrease the thickness of the first lens to zero, and reoptimize (Fig. 14a ).
Step 7:
Make the curvature of the second surface equal to the one of the first surface, and reoptimize the system with the first two curvatures fixed (Fig. 14b ).
Step 8:
Delete the first lens, and reoptimize the system. The resulting system (Fig. 14c ) has a merit function that is much lower than that of the starting one and the shape resembles the well-known Double Gauss design.
We have applied similar techniques successfully in the design of state-of-the-art lithographic designs. Sometimes, after SPC insertion some lens in the resulting system seems to have no role any more. Such a lens is then a good candidate for removal, even when it is situated farther away than in the above case from the position of SPC insertion.
Example 4. Deep UV lithography
The special case of the SPC method can be used in essentially the same way in the design of complex optical systems, such as those used in lithography. In this example, the method has been used in the second bulge of a lithographic objective 2 .
A NESP has been constructed at surface 37 using the SPC method. From the NESP, by means of local optimization performed on each side of the saddle, two new systems have been generated. Figure 15 shows the solutions after the thickness of the lens resulting from the "null-element" has been increased. Most differences between the two new systems are observed close to the position where SPC has been used. A detailed study shows that one of these two systems (the lower left one in Fig. 15 ) can be obtained in at least six different ways from the same starting system (upper drawing) 2 . Since it can be obtained from many other NESP's as well, as in the case of the quintet in Fig. 9c2 , we call this system with 44 surfaces a "hub" (i.e. the result of several converging design paths). In fact, the starting system which is a high-quality patented design 6, 7 , turns out to be also a hub . Fig. 15 . Generating two configurations for a lithographic objective with 44 surfaces via SPC from a system with 42 surfaces. The numerical aperture is 0.56, the image height is 11 mm, the magnification is -0.25 and the wavelength is 248 nm.
Example 5. Mirror systems for extreme UV lithography
This example shows that SPC can be used for mirror systems as well and that high-quality designs can be obtained by combining SPC with traditional design techniques.
In the ring-field six-mirror system for extreme UV lithography shown in the upper part of Figure 16 , a pair of spherical mirrors has been inserted after the second (spherical) surface. From the two points close to, but on opposite sides of the constructed NESP, two eight-mirror solutions have been obtained by means of local optimization, each having three consecutive mirrors in contact. After increasing the zero axial distances between the mirrors, the solutions have been locally optimized with all variables (curvatures, aspheric coefficients and distances) and practical constraints. In this way, the two systems shown in the lower part of Figure 16 have been obtained.
The process of generating the two local minima and increasing the axial distances between the three consecutive mirrors is time consuming, and depending on the precise succession of steps and even on local optimization and merit function details, the results might be slightly different from the ones given here. In our approach, in order to succeed increasing the axial distances between the mirrors, the first two surfaces in the system had to be temporarily frozen. They were released when the axial distances reached the desired value and then the systems were reoptimized. In all cases of extreme UV projection systems we have studied, when increasing the axial distances between the three mirrors in contact in the systems obtained from the NESP, it was important to freeze the two surfaces situated in front of the inserted "null-element". Otherwise, the local optimization process became unstable.
Using traditional design techniques, one of the two solutions generated from the NESP has been further optimized and the numerical aperture has been increased from 0.16 to 0.4 (see Figure 17 ). All surfaces are aspheric. The resulting system satisfies practical requirements: telecentricity on the wafer side, distortion smaller than 1 nm per field and Strehl ratio larger than 0.996 with a wavefront aberration of 10 mλ at a wavelength of 13 nm. The SPC method has been used at aspherical surfaces in extreme UV projection systems as well. 
CONCLUSIONS
We have seen how we can transform a local minimum into a saddle point by adding a null element. Two starting points for further optimization on opposite sides of the saddle can then be found by using either Eq. (1) or Eq. (2) . The original local minimum should be properly optimized so that the residual gradient of the merit function is sufficiently close to zero. A saddle point also has zero gradient, and therefore for typical small values of ε the two starting points on both sides of the saddle have a relatively small value of the gradient. In order to obtain the desired outcome of the subsequent local optimization, the residual gradient of the original local minimum must be significantly smaller than the ε-dependent gradient at the two starting points.
There are other ways to find such a pair of starting points, but Eqs. (1) and (2) have the advantage that in both systems the newly inserted component is still a null element which does not affect the ray paths. Therefore, if the original local minimum already satisfies the required optimization constraints, the starting points obtained with Eq. (1) or Eq. (2) will satisfy those constraints automatically. However, there is a caveat about this way of choosing starting points on both sides of the saddle. The saddle points are special points on the border between the basins of attraction that correspond to the two adjacent local minima. (The basin of attraction is the set of starting points that after local optimization lead to the same minimum.) Ideally, the two starting points should be points situated deeper within the two basins. However, depending on implementation details of the local optimization algorithm, we have found examples (to be published) where the two starting points are also close to the border. In such cases the outcome of local optimization started at those points can become less predictable. However, when this problem occurs, typically only one pair of points seems to be affected, either the one obtained with Eq. (1) or the one with Eq. (2) . The other pair is still well-behaved and is adequate for SPC.
We have successfully used the SPC method for changing system shapes in the design of lithographic objectives. Considering the total amount of effort required for designing a deep UV or extreme UV objective, we have observed in all cases that changing the system shape with our method could be done in a time that was short in comparison with the time we have spent for further refining the new configuration with traditional techniques, including local optimization, to meet practical requirements. Inserting and extracting lenses as shown in this paper has revealed unexpected potential of further improvement even for designs that already had a high quality. However, the method should be applicable in the design of other optical systems as well.
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